CONNECTING HOMOMORPHISMS ASSOCIATED TO 

TATE SEQUENCES 



PAUL RICHARD BUCKINGHAM 

Abstract. Tate sequences are an important tool for tackling problems 
related to the (ill-understood) Galois structure of groups of S-units. 
The relatively recent Tate sequence "for small 5" of Ritter and Weiss 
allows one to use the sequence without assuming the vanishing of the S- 
class-group, a significant advance in the theory. Associated to Ritter and 
Weiss's version of the sequence are connecting homomorphisms in Tate 
cohomology, involving the S'-class-group, that do not exist in the earlier 
theory. In the present article, we give explicit descriptions of certain of 
these connecting homomorphisms under some assumptions on the set S. 



I. Introduction 

In [HP, Tate constructs, for a Galois extension L/K of number fields 
with Galois group G, a Tate sequence — > s — > A — > B — > X — > 
of Z[G]-modules whose extension class in Ext|j G ](X, 0^ s ) is the so-called 
Tate canonical class, where 0£ $ is the group of S'-units in L and X is a 
finitely generated, Z-torsion-free module which will be defined in Section [2j 
This is done under the assumptions that S contains the ramified places and 
that the S'-class-group of L is trivial. 

Tate's construction shows that A and B may in fact be chosen finitely 
generated and cohomologically trivial. This has the consequence that the 
Galois cohomology of $ can be identified with that of X, after a dimen- 
sion shift of 2. This is reminiscent of the Artin-Tate formulation of class 
field theory [1] in which the cohomology of the idele class-group is identi- 
fied with the cohomology of Z after a dimension shift of 2, with a similar 
statement in the local case. In fact, this is no coincidence, since it is via this 
interpretation of class field theory that the Tate sequence is constructed. 

The sequence is a primary feature in numerous applications to multiplica- 
tive Galois module structure. Tate uses it in [21], Ch. II] to prove Stark's 
Conjecture for rational characters, and Chinburg employs it in the construc- 
tion of his third fi-invariant, which is central to his root number conjecture 
- see [H [5]. In fact, the Tate sequence also appears in the definition of 
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the lifted f2-invariant in the Lifted Root Number Conjecture of Gruenberg- 
Ritter- Weiss [9]. Further, a variant of the sequence is used to construct 
the equivariant Tamagawa number in the Equivariant Tamagawa Number 
Conjecture (ETNC) for the motive /i°(Spec(L))(0), as in Burns-Flach [2] 
for example. 

A significant step forward in the theory of Tate sequences was Ritter 
and Weiss's Tate sequence "for small 5"', which allows the sequence to be 
constructed for an arbitrary set of places S. More precisely, they found in 
[15] a sequence 

(1.1) -»■ Ol fS ->• B ^ V ^ 

for a Galois extension L/K of number fields with Galois group G, with 
no restriction on the set S other than that it contains the infinite places. 
Whereas in the preceding theory of Tate sequences, the module in place of V 
was the Z-torsion-free Z[G]-module X whose Galois structure is described 
in terms of very basic arithmetic information, V itself fits into an exact 
sequence 

(1.2) -> C1 S (L) ->■ V -> X -> 0. 

An early use of this refined Tate sequence "for small S" was in the proof by 
Ritter and Weiss [16] of the Strong Stark Conjecture for abelian extensions 
of Q. More recent applications have been the consideration of the minus 
part of the ETNC for tame extensions, as in Nickel [13J, and the study of 
Fitting ideals of (duals of) minus parts of class-groups, as in Greither [8j. 

Despite the sequence's growing use in multiplicative Galois module struc- 
ture, one aspect of it that has not yet been determined is the precise ef- 
fect of the connecting homomorphisms that are naturally associated to the 
sequence. Our aim is to make certain such maps explicit, under some as- 
sumptions on the set S, namely that S will contain the infinite and ramified 
places and at least one place with full decomposition group. We expect to 
be able to remove this last assumption in the future. However, we empha- 
size that the S'-class-group will not be assumed trivial. The maps we make 
explicit are the connecting homomorphism H~ 2 (G, X) — > H^ l {G, Cls(L)) 
associated to (Oil , and the map F _1 (G, C1 S (L)) -> H\G,Ol iS ) that re- 
sults from H~ l (G, Cls(L)) — > H~ l {G, V) together with the appropriate 
connecting homomorphisms (i.e. starting in dimension —1 then 0) obtained 
by splitting (11 .ip into two short exact sequences. 

After building up preliminaries in Sections [2J [21 IH and EJ we compute the 
maps in Sections [6] and [TJ and give some corollaries in Section [HI 
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2. Notation, assumptions and conventions 

We will assume throughout that L/K is Galois with Galois group G. S 
will denote a finite set of places of K containing the infinite and ramified 
places. By a minor abuse of notation, Ol,s will denote the S^-integers in 
L, where Sl consists of the places of L above those in S. Thus G£ s is the 
group of S^-units in L. The S'-class-group of K will be written C\s{K), and 
the S^-class-group of L will be just Cls(L), the redundant subscript L again 
being dropped. 

By L$, we mean the Hilbert S^-class field of L, that is, the maximal 
unramified abelian extension of L in which all places in Sl split completely. 
Gal(Ls/L) is isomorphic, via the Artin map, to Cls(L). 

We will denote the element YlaeG a ^ %[G] by N. Multiplication by 
N induces an endomorphism of Cls(L), but we stress that this is different 
from the map Nm : Cls(L) — > Cls(K), induced by the norm of ideals, that 
is featured in Section [HJ 

All number fields will lie in a fixed algebraic closure Q of Q. If p is a 
place of K, we will fix once and for all a place of Q above p. Then given 
any number field F containing K, p(F) will denote the place of F below the 
chosen place of Q above p. For shorthand, we will denote the completion 
Fp(F) by F p , and if F/K is Galois, the decomposition group Gal{F / K) p ^ 
will be denoted simply GaX{F / K) p . Note that if p G S, then since p(L) splits 
completely in Lg, restriction Gal(Lg/K)p — > G v defines an isomorphism, 
and we denote the composition 



G p 4 Ga\(L s /K)p -> Gal{L s /K) 



by bp. 

For a finite place p of K, let <pp denote a lift in Gal(Lp T / K p ) of the Frobe- 
nius of Kp T /K p , and (pp its image in GaA(L s /K). Further, if p is unramified 
in L/K, ifp will be the associated Frobenius element in Gp. 

An important object appearing throughout the article is the Galois mod- 
ule X defined in Definition 12.11 



Definition 2.1. Let Y be the free abelian group on Sl, and X the kernel 
of the augmentation map Y — Y Z sending every place ^ E Sl to 1. 
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To give some context, we remark that X appears in the Dirichlet regu- 
lator map, i.e. the isomorphism 

1 <g> u i — y log ||tt|| w w, 

where the absolute values || ■ are normalized in the particular canonical 
way which makes the product formula hold, as in [12j Ch. Ill, Section 1]. 

For any group G, AG will denote its augmentation ideal, that is, the 
kernel of the augmentation map Z[G] — > Z which sends each group element 
to 1. 

2.1. Key assumptions. In Section HI and Section I5TTI we assume that L lK 
is Galois and S contains the ramified places. In Section 15.21 and Sections El 
[7] and [HI we further assume that there is a place p G S such that G Po = G. 
We observe that this last assumption forces G to be solvable, since then G 
is the Galois group of a Galois extension of local fields. 

3. Group cohomology 

Cohomology will be Tate cohomology throughout. We will use the follow- 
ing model for Tate cohomology groups in negative degrees, which we shall 
think of as homology groups, that is H l (G,A) = H-i-i(G,A) for i < — 1: 
For n > 0, let P n be the free right Z[G]-module on G n , and for n > 1 define 
a boundary map d n : P n — >■ P n -\ by sending [a\, . . . , a n ) to 

n-l 

[cxi, . . . , <r n _i] • a n + ^(-l) n_i [cri, . . . , o-jCTj+i, ...,a n ] + (-l) n [a 2 , . . . , a n ]. 
i=i 

Then P. ^ Z -»■ is a free resolution of Z n^/ii Z[G]-module, and 
for a ie/t Z[G]-module A, we view Hi(G,A) as the zth homology group of 
the chain complex P. (8>z[G] A when z > 0. The Tate cohomology group 
A) will be taken to mean 

1 ' ' Z{(a-l)a | o G G,a G A}' 

Note that the denominator in (13. ip is indeed a Z[G]-submodule, i.e. is closed 
under the action of G. 

Lemma 3.1. Let G be a finite group and H a subgroup. There is a well- 
defined group isomorphism 

H ah -> H~ 2 (G, Z[G] ® z[m Z) 

sending a[H, H] to [a] (g) 1 <g) 1. 
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Proof. That H ah is isomorphic to H~ 2 (G, Z[G] ®%\h] Z) is simply Shapiro's 
Lemma - as in [221 Lemma 6.3.2] for example - together with the fact that 
H~ 2 (H, Z) ~ H ah . The explicit description of the isomorphism is left to the 
reader. □ 

3.1. Extension classes. Suppose that A and C are Z[G]-modules and that 
C is Z-free. 

Lemma 3.2. There is a canonical isomorphism 

Ex4 [G] (C,A) ~ H l (G, Hom z (C, A)). 

Proof. Since this is well known, we only sketch the proof. Supposing we have 
an exact sequence 0— )■ A — )■ B — )■ C — >■ of Z[G]-modules, choose a section 
s : C — > B of the Z-module homomorphism i? — > C, so that s G Homz(C, 5) 
maps to lc in Hom z (C, C). This is possible by the assumption on C. Then 
for each a G G, as — s is the image of a unique / CT G Hom^(C, A). The map 
cj i — y fa is a 1-cocycle G — >■ Hom z (C, A). 

Conversely, given a 1-cocycle /:(?—>• Hom^(C, A), we can endow the 
direct sum _B = A © C of Z-modules with a G-action by 

(3.2) cr(a, c) = (era + f(a)(ac), ac). 

One checks that these constructions pass to mutually inverse maps between 
ExtWC, A) and H\G, Hom z (C, A)). □ 



Lemma 3.3. Suppose 0^-A^-B^-C^rOisan exact sequence of 
Z*[G}-modules such that C is 'L-free. Viewing its extension class £ as an 
element of H 1 (G, Hom^(C, A)), the connecting homomorphism H l (G, C) — > 
H l+1 (G,A) is given by following cup-product with £ by the evaluation map 

H i+1 (G, C ®z Hom z (C, A)) ->• H i+1 (G, A). 

Proof. See j3J Ch. XII, Prop. 6.1]. □ 

By Lemma E21 Ext^AG, A) ~ H l {G, Hom z (AG, A)) for each Z[G]- 
module A. On the other hand, the exact sequence 

->■ A -> Hom z (Z[G], A) -> Hom z (AG, A) — >■ 

together with the cohomological triviality of Homz(Z[G], A) gives an iso- 
morphism H l {G, Hom z (AG, A)) -> iJ 2 (G, A). Thus we have: 



Lemma 3.4. For any Z[G]-module A, ExtL G1 (AG, A) ~ H 2 (G,A). 
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4. The modules Ws>, Rs> and B s > 

4.1. The modules Ws> and Rs>. We let S' denote a finite set of places of 
K containing S, and further satisfying: 

W Upes' = ^> 
and (ii) CW(L) = 0. 

Such an S' can always be chosen, by the Chebotarev Density Theorem. 

Following [151 Section 1], we define 

W S . = @A P G® Z[G], 

peS qeS'^S 

where A p G is the left ideal in Z[G] generated by AG p . We observe that 
this description of Ws> relies on S containing the ramified primes. For a 
treatment of the general case, see [U] itself. 

As in [T5l Section 4], we now define Rs> to be the kernel of the map 
Ws> — > AG that is inclusion on A V G and left multiplication by ip q — 1 on 
the copy of Z[G] corresponding to q 6 ^xS. 

4.2. The module B S i. After [T51 Section 4], we let B s > be the kernel of 
the map 

Z[G] ->• Z[G] 

that is the identity on the copy of Z[G] corresponding to p G 5, and mul- 
tiplication by — 1 on the copy of Z[G] corresponding to q G S'^S. We 
note that i?s" is projective, and therefore cohomologically trivial. To provide 
more context, we note that Bs> is the module B appearing in (11. ip . The 
map Rs> — > Bs' in (14. 5p is induced by the inclusion map 

^->0Z[G|. 

pes' 

The map B$' — > A is induced by the map 

0Z[G] wi- 
pes' 

that is zero on Z[G] corresponding to q G 5" \ 5*, and sends a G Z[G] 
corresponding to p G 5 to ctp(L). 

4.3. Class field theory and diagrams. Denote the idele class-group of 
L by C L . We let 

be the extension corresponding under the isomorphism of Lemma I3T41 to the 
global fundamental class in H 2 (G, Cl). In fact, for concreteness, we will take 
the following description of V: Suppose the element of H l {G, Hom z (AG, Cl)) 
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corresponding to the global fundamental class is represented by the 1- 
cocycle /. Then we view V as Cl ® AG (direct sum as Z-modules) with 
G-action given as in ( I3.2|) . 

Ritter and Weiss also define local versions V p of V for each p e S'. For 
p G S, Vp is simply the analogous construction to V with Cl replaced by L* 
and the global fundamental class replaced by the local one. For p 6 S'\S, 
the definition is more subtle, but still uses local class field-theoretic data. 
We will only need the definitions in a very simple situation, which we will 
turn to in Section 17.21 The reader wishing to see the complete definition 
may refer to [T51 Sections 1,3]. Following Ritter and Weiss, we set 

(4-1) Vs. = 0Z[G] ® nGv] V p ) © I U V 

Vpes" / \WS' L 

where [Tip is the group of units in L<p. Note that the first direct sum runs 
through primes p of K (in S'), whereas the second direct sum runs through 
primes of L (not above 5"). 

The important diagrams involving the modules Wgi, Rs> and Bs> are 

(4.2) 




and 
(4.3) 




Rs> 



B s > X 



s 


t 




' 1 



Cls(L) V X 0. 
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In ( 14. 2p . the module A is denned to be the kernel of V$> —> V, and ( 14. 2 p is 
simply the snake diagram arising from the middle two rows. The surjectivity 
of Vgi V in ( 14. 2 p and the origin of ( 14 .3p are treated in [TSJ Section 4]. 
Rs> fits into an exact sequence 

(4.4) Ol s ->■ R 3 , A C\ S (L) 0, 

where A is the (cohomologically trivial) Z[G]-module appearing in the Tate 
sequence (jl.ip . Ritter and Weiss term the map s the 'snake map', be- 
cause it is the snake map of diagram ( 14. 2 j) - see the discussion following 
[T5"| Theorem 1]. The significance of the snake map is as follows: Applying 
Homz(— , Clg(L)) to the short exact sequence 

(4.5) ->■ ifo -> B S / ->■ X ->■ 

occurring in (14. 3p . and remembering that X is Z-free, we obtain the exact 
sequence 

Hom z (X, C1 S (L)) Hom z (5 s( , C1 S (L)) Hom z (i? 5 ,, C1 5 (L)) 0. 

Identifying Ex4 [G] (X, C1 S (L)) with fl" 1 (G f , Hom z (X, C1 5 (L))), the extension 
class of (11.21) is the image of the class of — s under the connecting homo- 
morphism 

tf (<^Hom z (i^Cl s (L))) -> // 1 (G',Hom z (X,Cl s (L))). 

Since (ll.2p is central to our purpose, getting a strong hold on s will be one 
of our main goals, and will be carried out in Section 

5. The snake map 

5.1. Explicit description of s. In this section, L/K is a Galois extension 
of number fields and S a finite set of places of K containing the infinite and 
ramified ones. We let G s = G&\(L S /K). 

We now come to the description of the snake map s : Rs> — > Gls(L) 
given in [T51 Section 5]. It is defined first of all as a prime-by-prime map 
Ws> —> H where 

n ^ 

Ker(AG s ->■ AG) AG 5 ' 

(We note that an element a of G acts on H by left multiplication by any 
preimage of a in G s .) 

For p E S, the map A p G — > H sends /3a to (3(i p (a)) for a E AG P and 
/3 E Z[G], where the bar denotes class in %. 
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Recall the element ip q G G s = Gal(Lg/K) denned in Section [2j For 
q G S' \ S, the image of an element (3 inside the copy of Z[G] in Ws> 
corresponding to q is mapped to (3(Jp^) in %. 

There is an embedding Gal(Ls/L) — > Tl which sends cr to the class of 
(7 — 1, and the restriction of the map W$' — > H to R$' has its image in 
Im(Gal(L 5 /L) U). Identifying GaX(L s /L) with Cl s (L), we have thus 
described the snake map s : Rs' — > Cls(L). 

5.2. The extension class of V. We now assume that there exists a finite 
place po G S such that G Vo = G. For each p G S, fix a set _D p of represen- 
tatives for (G/G p )ieft containing 1, and given a G G let p p (o") be the chosen 
representative of the coset crG p . It is possible to choose S' as in Section @] 
with the further condition that every place q G S'^S splits completely in 
L/K. For this, we are already using that Upes^P = We are assuming 
more, of course: G Po = G. With S' chosen in this way, we have 

(5.1) R s , = Ker (0A p C7^ AC7J © Z[G]. 

Definition 5.1. Given p G Sxjpo}, o G G and r G -Dp, /et r^l be 
the element of R s > = Ker(@ pe5 ApG — > AG) © © (]( : S ^2[G'] which has 
o"Pp(a _1 r) — t in the ^-component, t — app{a^ l r) in the po- component, and 
zero elsewhere. 

Lemma 5.2. Define g : G — )■ Hom z (X, Cls'(L)) fry sending a £ G to the 
map 

rp(L) - p (L) ^ s(rW) 
forr G -Dp, p G S\{Po}- T/ien £/ie zmaoe o/-s G F°(G, Hom z (i? 5 /, Cl s (L))) 
inH\G,Eom z {X,Cl s (L))) zs p. 

Proof. We follow the diagram 

(5.2) Map(G,Hom z (X,Cl 5 (D))) 



Hom z (D 5 ,, C\ S (L)) Map(G, Hom z (D 5 ,, Cl s (L))) 



Hom z (# 5 ,,Cl 5 (L)) 
from bottom-left to top-right. Note that 



B s , = Ker [0Z[G] -> Z[G] © Z[G]. 

.pes' / qeS'xS 
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We first look for a Z-splitting of -> R s > -> B s > -> X -> 0. We use the 
Z-basis 

|J {rp(L) - p (L) \teD p } 
peS\{p } 

of X. For p 6 5, let e p be the element of © pg sZ[G] which has 1 in the 
p-component and zero everywhere else. Then a lift of rp(L) — po(L) to B$> 
is re p — re Po . Therefore if Z is the Z-span of these lifts, 

Bs> = Rg/ © Z. 

Define /x : Bs> —> Clg(L) by h\r s , = —s and fx\z = 0. Let / be the image 
of /x under the horizontal map in (15.21) . i.e. if a E G, /(er) = er/x — /x. Now 
take t E D p for some p E S. 

(a/x)(re p - re po ) = er/x(er _1 Te p - o- _1 re Po ), 

and one sees that <j _1 re p — cr _1 re Po decomposes as 



[(> X T-Pp(a 1 r))e p + (p p (a V) - cr V)e 



poJ 



(5.3) + [p p (a 1 r)e p -p p (a 1 r)e Po ] 



in i?5/ © Z. Also, we recognize the first bracketed element in (15. 3p as 



-a 1 r&l. Thus 



(a/x)(re p -re Po ) = -a/x(a V^' 



«(rg>). 



Since /x(re p — re Po ) = 0, we therefore obtain that 

Further, the map g : G — > Hom z (X, Cls(L)) appearing in the statement 
of the lemma has image / in Map(Cr, Hom.%(Bs', Cls(L))). The lemma is 
proven. □ 

Definition 5.3. Ifp E S\{p } and r E G p , then t Po 

and we let its image in Cls(L) under the Artin map be c p (r). 

Lemma 5.4. Ifp E S\{p } ; t E D p and a E G, then s(r^r) = TC p (r _1 crp p (a _] 

Proof. Since s is a Z[G]-module homomorphism, the statement of the lemma 
is equivalent to s(r -1 r^r) = c p( r lcr Pp(°" lr ))- Now, recalling the notation 
e p introduced in the proof of Lemma 15. 2\ 

r -l r (p) = (r -l (ff -! T) _ 1)gp _ (r - Vpp((J -l r) _ l)epQ) 
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whose image in % is 

tp(r- 1 crpp(o- 1 r)) - 1 - t Po (r- 1 (7pp(o- 1 r)) - 1 

by the discussion of Section 15.11 However, this is simply 

(5.4) ^(r-Vpp^-V)) - ^(r-Vp^a-V)). 

Now, one checks that if a±,a 2 E G s and o 2 x o\ E G&\(Ls/L), then o 2 x o\ 
has image o\ — a 2 in "H. Therefore the element of (15.41) is the image of 

ho( T ~ 1(T Pp( C7 ~ lT ))~ 1 h( T ~ 1(7 Ppi (7 ~ lT )) 
under Gal(L 5 /L) — > %. Thus ^(r -1 ^]-) = Cp(r _1 crp p (cr _1 r)) as desired. □ 

For each q E S\S, let s q : Z[G] — > Cls(L) be the restriction of the snake 
map to the copy of Z[G] in Rs' corresponding to q. 

Lemma 5.5. s q (l) = s\(L)Oi, t s, where q(L) is the distinguished prime of L 
above q. 

Proof. The map Z[G] — > R s > — > H corresponding to q sends 1 to (p^ — 1 
(recall the definition of y? p in Section [2]), which is the image of <p q under 
Gal(Ls/L) — > H. Note that (p q is indeed in Gal(Ls/L) because = L q . We 
observe also that <p q is, in this case, just the Frobenius in Ls/L associated to 
q(L), and therefore the image of q(L)(9 Lj 5 under the Artin map Cls(L) — >• 
Gal(L s /L) is y? q , completing the proof. □ 

6. The map H~ 2 (G,X) -+ H~ l {G, G\ S {L)) 

As in Section I5.2[ we assume that S contains the infinite and ramified 
places and that there exists a finite place po E S such that G Po = G. We 
will assume this for the remainder of the article. 

Lemma 6.1. H~ 2 (G, X) is generated over Z by 

{[r]®(p(L)-p (L)) I P E S\{p }, r E G p }. 

Proof. Note that the exact sequence 0— > X — > Y — > Z — > gives an exact 
sequence 

(6.1) ->• H- 2 (G, X) ->• H- 2 (G, Y) ->• H- 2 (G, Z) 0. 

Indeed, the assumption G Po = G implies that H~ l {G, X) is zero and that 
H~ 3 (G, Y) — > H~ 3 (G, Z) is surjective. Now, Y is isomorphic to pe5 Z[G}®z[g v \ 
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Z, so by Lemma I3.1[ there is an isomorphism 

pes 

(r p [G p ,G p ]) p m- ^[r p ]®p(L). 

pes 

Given p G £\{po} and r G G p let x p (r) be the element of pe sG ab 
with r[G p ,Gp] in the p-component, r _1 [G Po , G Po ] in the p -component and 
the commutator group [G q ,G q ] in the q-component for q G S\{po,p}. 
Observe then that Ker(0 pe5 Gp b — > G ab ) is generated by 

{x p (r) | p G 5\{po},r G G p }. 

This makes use of the fact that G Po = G. 
Now, x p (r) maps to 

[r] <g> p(L) - [r] ® p (L) = [r] <g> (p(L) - p (L)), 

which lies in the image of the injective map H~ 2 (G, X) — > H~ 2 (G,Y). 
Since Ker(@ pgS , Gp b — > G ab ) is generated by the elements x p (t) as above, 
we obtain an injective map 

Ker ( Gf G ab ] //" 2 (G, X) 
Vpes / 

which sends x p (r) to [r] <g) (p(L) — po(-^))- Since both sides have the same 
order (they can be shown to be isomorphic by using the sequence in (16. ip 
directly, together with Shapiro's Lemma), this map is an isomorphism. This 
completes our proof. □ 

Remark. It is clear from the definition of the elements Xp{r) in the above 
proof that, in the statement of Lemma 16.11 the elements r need only be 
taken from a set of representatives for the left cosets of [Gp, G p ] in Gp. 

Lemma 6.2. Let A be a 7j[G]-module and £ G H 1 (G,A) be represented by 
the 1-cocycle g : G — >■ A. Then the map 

H~ 2 (G,X)^ H~\G,X®z A) 



obtained by taking cup-product with!; sends [t] <g> (p(L) — po(L)) to (p(L) — po{L)) eg) g(r), 
where p G Sxjpo} and r G Gp. 
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Proof. We dimension shift using the commutativity of the diagram 
H~ 2 (G, X) H~\G, X ® T A) 



5i 
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H-\G, AG ® z X) —X H°(G, AG ® z X ® z A) 

where c\ and C2 are obtained by cupping with £. Given p G S\{po} and r G 
G p , 5 1 ([r]<S>(p(L)-p (L))) = (r - 1) <g> (p(L) - p (L)). By [TBI Appendix 
to Chapter XI, Lemma 2], the image of this under C2 is represented in 
H°(G,AG A) by 



-J2<r((T-l)®(p(L)-p (L)))®g(a) 

- J2( ar - ^ ® ( ct p( l ) - p°( L )) ® + X( a - x ) ® ( a p( L ) - p°( L )) ® 

o-eG o-eG 

= - £(<t - 1) <g> (crr _1 p(L) - p (L)) ® ^ar" 1 ) + J2(a - 1) ® (trp(L) - p (L)) <g> #(<t) 
o-eG o-eG 

= - ^(o- - 1) <g> (crp(L) - p (L)) ® (^(ar- 1 ) - (7(a)) 
o-eG 

= -X}^- 1 )®^^)-^)) ^CO- 
The image under of the class of this is 



= (p(L) -p (L))®^(r). 

□ 

Proposition 6.3. Under the above assumptions, the connecting homomor- 



phism H~ 2 (G,X) -)> H~ 1 (G, C\ S (L)) sends [r] <g> (p(L) -p (L)) ; p G 
5\{po} and r G G v , to c p (r). fSee Definition 1 5. 31 for £/ie definition o/c p (r).j 

Proof. We apply Lemma [6.21 in the case A = Hom z (X, Cls(L)) and g is as 
in Lemma [5.2[ and combine this with Lemma [3.31 Given p G Sxjpo} and 
r e G p , the image of [r] g) (p(L) — po(L)) in H~ X (G, Clg(L)) is represented 
by 0(r)(p(L) - p (L)) = s(r$). By LemmaES s(rjg) = c p (r). □ 

We can now describe -ff 1 (G, s ) as a quotient of H~ 1 {G, C1 S (L)). 

Definition 6.4. Let Cs{L/K) denote the subgroup of H~ 1 (G, Clg(L)) gen- 
erated fry 



{c p (r) I p G S\{p },r G G P \{1}}. 
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(See Definition 15.31 for the definition of c p (r).) We remark that the bar 
in Cs{L/K) is intended to reflect that we are working in cohomology. A 
similar object Cs{L/K) defined for the class-group in its entirety will be 
appear in Corollary 18.81 

Proposition 6.5. There is a canonical isomorphism 

H-\G,C\ S {L))/C S {L/K) ~ H\G,Ol s ). 

Proof. In light of Proposition 16.31 an d the existence of the canonical iso- 
morphism H~ 1 (G, V) ~ 0£ s ) arising from the Tate sequence (11.11) . 
it suffices to show that if -1 (G,X) = 0. To demonstrate the vanishing of 
this cohomology group, consider the exact sequence 

H- 2 (G, Y) -)• H-\G, Z) -)• H-\G, X) -> 0. 

Viewing H- 2 (G, Y) as pe5 Gf and H~ 2 (G, Z) as G ab , we see that the map 
H~ 2 {G, Y) ->■ #~ 2 (G, Z) is surjective, showing that indeed H~\G, X) = 0. 
We have used in particular that G Po = G. □ 

7. The map H~\G, G\ s {L)) ->■ H\G,Ol s ) 

We now wish to make the canonical isomorphism appearing in Propo- 
sition 16.51 explicit. The Tate sequence (II .ip is obtained by combining the 
short exact sequence 

(7.1) ->■ Ols A Ker(s) ->■ 
arising from (14.41) with the short exact sequence 

(7.2) -> Ker(i) -> S 5 * ->■ V -> 

arising from the middle vertical map in (14. 3p . observing that Ker(s) = 
Ker(t). Therefore the map H l (G, C\ S (L)) -> # i+2 (G, 0* 5 ) factors as 

# m (G,Ker(t)) -> H i+1 (G, Ker(s)) 4 # i+2 (G, 

where the second map is the connecting homomorphism arising from (17.21) . 
and the last map, $2, is the connecting homomorphism arising from (17.11) . 
However, the composition of the first three maps is just the connecting ho- 
momorphism Si : H l (G,Cls(L)) — > if* +1 (G, Ker(s)) arising from the exact 
sequence 

->■ Ker(s) R s , -»■ C\ S (L) 0. 
In particular, the map i7 _1 (G, Cls(L)) — > H l (G, 0^5) is the composition 

H~ X {G, C1 S (L)) ^> tf°(G, Ker(a)) 4 ^(G, C* fl ). 
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7.1. The first connecting homomorphism, 5i. By our choice of the set 
S', Clg(L) can be generated by the classes of the ideals of L above those 
in 5" s S. Further, since for c G Clg(L) and a G G we have ox = c in 
H~ 1 (G, C\s(L)), an element of this cohomology group can be represented 
by an ideal class of the form 

(7.3) c = a A L )°L,s 

with the a q in Z, writing Clg(L) additively. By assumption, the fractional 
ideal Y[ q es'-^s(. c i(.L)OL,s) aqN °f ®l,s is principal and therefore is generated 
over Ol,s by a for some a G L x . 

By Lemma |5.5[ a lift of c to Rs' is the element {a q ) q of 0,,^/^ Z[G]. 
Applying N, we see that 5i(c) is represented by the element (a q N) q of 
Ker(s), that is, a q N in the q-component for q G S'\S and elsewhere. 

7.2. The second connecting homomorphism, 62- We describe the map 
Vgi — » V. Having done this, it will be easy to see that the natural choice of a 
lift of (a q N) q to Vs> under Vs> -> Ws> does indeed lie in A = Ker(Vg/ ->■ V) 
- see Lemma 17.11 below. The corresponding 1-cocycle G — > 0% s will then 
drop right out, as in Theorem 17.21 below. 

So, recall from flU]) that V s , = (0 pe5 , 7L\G\ ® z[Gp] V p ) © (0^, Lfy), 
where V v is described for p G S in [151 Section 1]. By [201 pp. 195-196], there 
is A p G Hohiz(AG p , Cl) such that we can choose the map V v — > V to send 
(6, x) to (^p(6)A p (x), x) for i)6 L p x and x G AG p , where <j p : L* — >■ is the 
canonical inclusion. 

As for the description of V q for q G we see from [151 Prop. 2] that 

under our assumptions, V q = U q © Z as Z-modules, noting that G q is trivial 
since q splits completely in L/K. (We are also using our notation convention 
that for a finite place q of K, U q denotes U q (T,)-) Thus the q-component of 
V 8 > is {Z[G]® z U q )®Z[G}. The map (Z[G]© z [/„)ffiZ[G] ^ V sends (a<8m,/3) 
to (?q(M) Q ? q (7r q ) /3 , 0) where rr q is a fixed uniformizer of L q . 

Finally, all unit groups U<$ appearing in Vg/ are mapped to in V. 

By definition of a (see the sentence following (17.31) ). for all o G G we 
have ao(-K q )~ aq equal to a unit u q ^ in L aq (L), which in turn can be expressed 
as a(u qt0 ) for a unique unit u q ^ a in L q . Further, a is a unit in L<$ for every 
^} not above S". 

Let v be the element of Vs> which has ^2 aeG o © (cr _1 (a),0) in the p- 
component for p G S, (J2aeG a ® u q,<n a q^0 i n the q-component for q G S'xS', 
and a G C L«p in the ^-component for every prime *P of L not above 
S'. 
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Lemma 7.1. With notation as above, the element v ofVs> is a lift of^aqN)^ 
to A = Ker(y S ' -> V). 

Proof. We first show that v G Ker(Vs' — > V). For p 6 S, the image of 



and the element of Cl appearing in the left-hand entry is represented by 
the idele having a in all the components above p and 1 everywhere else. 

Now consider q G S' \ S. The image of (J2aeG ° ® u w a qN) in V is 
EaeGM M <i^ 7r q q ) <T > °)- Usin S that a = °"K,o7rq q ), the element U aeG ^{u^ir^Y 
of Cl is represented by the idele having a in all the components above q and 
1 everywhere else. Remembering the contribution of a G U<$ for each not 
above 5", which gets mapped to (x, 0) where x is the idele class represented 
by the idele with a in the ^-component and 1 everywhere else, we find that 
v is mapped to (a, 0) = (1, 0) G V, and so lies in A. 

That v is a lift of (a q iV) q is clear. □ 

Recall the ideal class c defined in ( 17.31) and the element a of L x appearing 
just after. 

Theorem 7.2. The image oft under H~ l {G,C\ s {L)) H l (G,Ol s ) is 
represented by the 1-cocycle t (->■ r(a)/a. 

Proof. Take r G G. By the construction of the relevant connecting homo- 
morphism associated to — > 0% s — > A — > Ker(s) — > 0, tv — v must be 
a principal idele with S'-unit entries, so it suffices to determine what that 
5-unit is in just one component. By considering not above 5", it is clear 
that it must be r(a)/a as claimed, but we can verify this by calculating the 
idele in all components. 
First consider q G S'\S. 





and the element of Z[£r] ®i U q in the left-hand entry is 
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Under the identification of Z[G] Cg>z Uq with @£j| q Uq, this corresponds to 
the element of 0^ t^Q having cr(M c , 1 —i (T )cr(Mq i0 -)~ 1 in the <rq(L)-component. 
However, by definition o~(u q r -i .)cr(Mq i0 -) _1 = r(a)/a. 
Now consider p G S. 

ctgg o-eG 

which is the image under ©spi p iWp — >■ Ks' of the element having r(a)/a in 
every component. This completes the verification. □ 

Incidentally, as an extra check, we can verify independently that for each 
r G G, r(a)/a G 0^ s . Namely, since 

and tN = N, we see that t{o)Ol,s — a @L,s, i- e - T(a)/a G 

8. Corollaries 



We give a sequence of corollaries of Theorem 17.21 which lead to Corollary 

ESI 

Recall once again the ideal class c defined in (I7.3P and the element a of 
L x defined just after. 



Corollary 8.1. With the above notation, c G Ker^-^G, C1 5 (L)) -> H\G, O 

X 

L,S 



if and only if a £ Of s ■ K 



Proof. By Theorem \7.2\ the cohomology class c lies in the specified kernel 
if and only if the 1-cocycle 

a i — y a (a) /a 

is a 1-coboundary. But a h-> o~(a)/a is a 1-coboundary if and only if there 
is u G 0£s such that a (a) /a = a(u)/u for all a G G, which is the same as 
saying that a/u is fixed by G, i.e. a/u E K x . □ 

Let J 7 be the kernel of the composition 

Z->C1 S (L) 4C1 S (L), 

qeS\S 

where the first map is given by sending an element (a q ) q to the class of the 
ideal riqes'^s , ( c l(-^)^ > £,.s') aq - (There is no relationship with the T used in the 
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proof of Lemma I37T1 ) Thus T surjects onto H~ X (G, Cls(L)). Note that we 
also have a map T — >■ Gls(K) given by restricting 

Z C1 S (K) 

K)q ^ Y[((\OK,s) a * 

qGS 

to J 7 . 

Corollary 8.2. The maps 

7 F-^G, C1 5 (L)) ^(G, (9* 5 ) 

and 

/icwe the same kernel. 

Proof. Take (a q ) q G J 7 in the kernel of the first map, that is to say 

J] (q(L)0 L>s r N = aO L>s 

for some a G 0£ S -K x by Corollary 18 .11 Of course, we may assume a G K x . 
Since q splits completely in L/K for q G S'\S, 

fq(a) = ^q(Z)(a) = «q- 

Since a G 0£ 5 , , we have 

qGS'^S 

and so the class of riqes'^s( c l^ft',s) aq is zero m Gig (IT). Thus (a q ) q is in the 
kernel of the second map. 

Conversely, take (a q ) q G J 7 such that Y[qes'^s( c i^ K ^) aq is principal as an 
ideal of Ok,s, i>e. 

J] (qO^s) " = &0*,g 

for some b e K x . Choose a G L x such that n qe s\s( t l(-k)^ , z 1 s) aqJV = aC> ZS> 
as in the construction of the map H~ 1 (G, Cls(L)) — > H 1 (G, 0£ s ). Then 

*o L , s = J] (H(L)0 LiS p N 

qGS'^S 
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so a G O^s ■ K x . By Corollary 18.11 this says that (a q ) q is in the kernel of 
the first map. □ 

Corollary 8.3. There is an embedding H\G,Ol tS ) ->■ C\ S {K). 

Proof. By Corollary 18. 2\ we have 

H\G, 0* s ) 4 ^/Ker(^ -> Cl s {K)) Cl 5 (^), 

the second map being injective. □ 

We observe that the above corollary gives an alternative justification 
that H X [G, Ol s ) embeds into Cl s {K) to that found in [H Cor. 2]. 

Definition 8.4. Let Nm : Cls(L) — > Cls(K) be the homomorphism on 
class-groups induced by the norm of ideals. Denote the resulting map H^ 1 {G : C\s(L)) — > 
C\ S (K) fcyNnT. 

Corollary 8.5. There is an exact sequence 

-> C S (L/K) fT 1 ^, C1 5 (L)) 5? ci 5 (^). 
(Recall the definition of Cs(L/K) in Definition \6.4\ ) 

Proof. By Proposition ES\ C S (L/K) is the kernel of i2" -1 (G, C1 S (L)) -»■ 
H 1 ^, O^g), which is the kernel of 

(8.1) H-\G, C\ S (L)) -> if^G, 0* s ) -> C1 5 W 

by Corollary 18. 31 It remains to show that the map in (18.11) is Nm. An element 
x of H~ 1 (G, Cls(L)) is represented by an ideal class containing an ideal of 
the form 

with (a q ) q G T . If y is the image of x in i? 1 (G, 0^ s ), then the image of y 
in Cls(.K') is obtained by first lifting y to J 7 via H~ 1 (G, Cls(L)), and then 
applying the map J 7 — >■ Cl^-fT). However, such a lift of y is (a q ) q , whose 
image in C\g{K) is the ideal class containing 

n ^°k,sy«- 

This ideal class is clearly Nm(x). □ 

Corollary 18.51 establishes that Cs{L/K) = Ker(Nm). We remark in pass- 
ing, although we will not use this fact, that this kernel is in fact the "divisor 
knot" as defined by Jehne in [Til Ch.I, Section 1] - see the isomorphism be- 
fore Theorem 1 of [H] and the definition in [TU (1.5)]. (Jehne's divisor knot 
contains the earlier divisor knot of Scholz |17j.) 
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Now, consider the following definition: 

Definition 8.6. Let D(CLy(L)) be the subgroup of Cls(L) generated by 

{((T-l)c | c G Cl s (L),<r e G}. 

Observe that D(C\s{L)) is closed under the action of G and is therefore 
a Z[G]-submodule of Cls(L). 
Noting that 

(8.2) D(C\ S (L)) C Ker(Nm) C Ker(iV : C1 5 (L) -> Cl g (L)), 
we obtain an exact sequence 

D(C1 S (L)) Ker(Nm) Ker(Nm) -»■ 0. 
Thus we arrive at an exact sequence 

(8.3) ->■ £>(C1 S (L)) -> Ker(Nm) -> C S {L/K) ->■ 0. 

Definition 8.7. Let Cs(L/K) be the subgroup of CI ${L) generated by 
{c p (r) | p G 5\{p },r G G P \{1}}. 

The following gives a description of the kernel of the norm map Cls(L) — >■ 
C1 S (AT). 

Corollary 8.8. There is an exact sequence 

L>(Cl<j(L)) + Cs(V-K') -> cl s( L ) ^ ds(A-) 0. 
(But see the remark, after the proof, concerning existing literature.) 

Proof. We see from flO} and Corollary EE that D(C1 S (L)) and C S {L/K) 
are in the kernel of Nm. Conversely, take c G Ker(Nm), so that c G Ker(Nm), 
and write c G H' 1 (G, C\ S (L)) as 

pe5x{p } reG p \{i} 

with a PiT G Z. Then c - E P eSx{ Po } S T eG P x{i} a P,r c P ( r ) is in the kernel of 
Ker(Nm) — > Cs(L/K) and therefore is in D(C[ S (L)) by (18.31) . thus showing 
that c G D(C1 5 (L)) + C S {L/K). 

As for the surjectivity of Cls(L) — > Cls(.K'), this follows from the fact 
that po remains non-split in L/K. □ 

Remark. The author is aware that a description of the kernel of the norm 
map as found in Corollary 18.81 should follow from work of, for example, 
Jaulent [10], Jehne [IT] . Frohlich [6] and Furuta (7] on knots, central classes 
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and genus fields. We include our derivation of this description as an illus- 
tration of a different approach, via Ritter and Weiss's version of the Tate 
sequence, a derivation that, after our having obtained Theorem 17. 2\ is rea- 
sonably short. 

Acknowledgments. The author would like to thank Al Weiss for a number 
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